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The response of the QCD vacuum to a constant external (electro)magnetic field is studied through
the tensor polarization of the chiral condensate and the magnetic susceptibility at zero and at finite
temperature. We determine these quantities using lattice configurations generated with the tree-level
Symanzik improved gauge action and Nf ¼ 1þ 1þ 1 flavors of stout smeared staggered quarks with
physical masses. We carry out the renormalization of the observables under study and perform the
continuum limit both at T > 0 and at T ¼ 0, using different lattice spacings. Finite size effects are studied
by using various spatial lattice volumes. The magnetic susceptibilities f reveal a spin-diamagnetic
behavior; we obtain at zero temperature u ¼ ð2:08 0:08Þ GeV2, d ¼ ð2:02 0:09Þ GeV2 and
s ¼ ð3:4 1:4Þ GeV2 for the up, down and strange quarks, respectively, in the MS scheme at a
renormalization scale of 2 GeV. We also find the polarization to change smoothly with the temperature in
the confinement phase and then to drastically reduce around the transition region.
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I. INTRODUCTION
An external (electro)magnetic field is an excellent probe
of the dynamics of the QCD vacuum. Strong magnetic
fields affect fundamental properties of QCD like chiral
symmetry breaking and restoration, deconfinement, the
hadron spectrum or the phase diagram, just to name a
few. Chiral symmetry breaking has long been known to
be enhanced by magnetic fields at zero temperature, sig-
naled by an increasing chiral condensate (see, e.g.,
Ref. [1]). The particle spectrum may undergo drastic
changes (see, e.g., the ongoing discussion in Refs. [2–4])
with some strong decay channels becoming unavailable
and others opening up. The transitions at nonvanishing
temperature related to chiral symmetry breaking and
deconfinement are also affected by the magnetic field B.
The phase diagram of QCD in the temperature-magnetic
field plane was determined recently in lattice simulations
[5–7] by analyzing the dependence of the chiral condensate
and of other observables on B, with the main result that the
transition temperature Tc decreases with growing B
1 and
the transition remains an analytic crossover just as atB ¼ 0
[10]. These effects are relevant in several physical
situations as strong magnetic fields are expected to play a
significant role, e.g., in early cosmology [11], in noncentral
heavy ion collisions [12] and in dense neutron stars [13].
Another fundamental characteristic of the QCD vacuum
is the response of the free energy density (which at zero
temperature is the vacuum energy density) to magnetic
fields,
f ¼  T
V
logZ; (1)
where Z is the partition function of the system and V the
(three-dimensional) volume. Due to rotational invariance
the B-dependence of f is to leading order quadratic,
characterized by the magnetic susceptibility of the QCD
vacuum,




which is a dimensionless quantity (here e > 0 denotes the
elementary charge). A positive susceptibility indicates a
decrease in f due to the magnetic field, that is to say, a
paramagnetic response. On the other hand  < 0 is
referred to as diamagnetism [14]. Clearly, the sign of  is
a fundamental property of the QCD vacuum.
In the functional integral formalism of QCD the suscep-
tibility is readily split into spin-related and orbital angular
momentum-related terms, according to
 ¼X
f
f; f ¼ Sf þ Lf ; (3)
with contributions from each quark flavor f with electric
charge qf and mass mf. For a constant magnetic field
B ¼ Fxy in the positive z direction,
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1Employing physical quark masses in the simulation and
extrapolating the results to the continuum limit, as was done
in Refs. [5–7], proved to be essential. Studies where these
ingredients are missing produce qualitatively different results,
namely an increasing TcðBÞ function [8,9]. A possible explana-
tion for this discrepancy and a comparison to effective theories
was given recently in Ref. [7].
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 ¼ 12i ½; :
(4)
Lf is given by an analogous expression with xy replaced
by a generalized angular momentum also present for spin-
less particles, cf. Eq. (A7) of Appendix A. Equation (4)
constitutes an important relation which, to our knowledge,
has not been recognized previously in this context. Its
derivation from the quark determinant and the correspond-
ing Dirac operator is given in Appendix A.
In the present paper we concentrate on the spin
contributions, and thus the expectation value of the tensor
polarization operator c fc f. To leading order this is
proportional to the field strength and thus can be written
as [15]
h c fxyc fi ¼ qfB  h c fc fi  f  qfB  f; (5)
where h c fc fi is the expectation value of the quark con-
densate [see Eq. (9) below for its definition]. Corrections to
the right-hand side are expected to be of OðB3Þ, so that
Lorentz invariance is maintained. In the literature f is
referred to as the magnetic susceptibility of the condensate
(for the quark flavor f). In what follows wewill also use the
term ‘‘magnetic susceptibility.’’ Again we stress that it
constitutes only one of the two contributions to the total
susceptibility. We also define the tensor coefficient f as
the product of the condensate and the magnetic suscepti-
bility. Both quantities will depend on the temperature T at
which the expectation values of Eq. (5) are determined.
At finite quark masses it is advantageous to work with
f instead of f for reasons related to renormalization
(see below).
The magnetic susceptibility f, in the context of QCD,
was first introduced in Ref. [15]. Since then its experimen-
tal relevance has been growing steadily. In particular, this
quantity appears in the description of radiative Ds meson
transitions [16], of the anomalous magnetic moment of the
muon [17] and of chiral-odd photon distribution ampli-
tudes [18,19]. Moreover, vector-tensor two-point functions
at zero momentum are related to the magnetic susceptibil-
ity [20].
Since f acts as an input parameter in various strong
interaction processes [21], a high-precision determination
of its value is of importance. In the past, the magnetic
susceptibility has been calculated using QCD sum rules
[22–24], in the holographic approach [25,26], using the
operator product expansion [27], in the instanton liquid
model and chiral effective models [28–31], using the zero
modes of the Dirac operator [32], and in low-energy mod-
els of QCD like the quark-meson model and the Nambu-
Jona-Lasinio model [33]. The numerical value of f was
also determined recently on the lattice in the quenched
approximation of two- [34] and of three-color QCD [35], in
both cases without renormalization. We mention that the
quenched approach can lead to large systematic errors at
strong magnetic fields [36].
In this paper we determine fðTÞ and fðTÞ for a wide
range of temperatures around the transition region between
the hadronic and the quark-gluon plasma phases and at
T ¼ 0. We apply fully dynamical lattice simulations, i.e.,
both the fermionic degrees of freedom and the external
field are taken into account in the generation of the gauge
ensembles. We perform the renormalization of the tensor
coefficient and carry out the continuum extrapolation using
results obtained at different lattice spacings. One main
result will be that the tensor coefficients at T ¼ 0 are
negative, indicating the spin-diamagnetic nature of the
QCD vacuum. Moreover we observe that f decreases
around the QCD crossover temperature similarly to other
order parameters like the condensate.
This paper is organized as follows. We define the lattice
implementation of the magnetic field and the observables
in Sec. II and discuss their renormalization in Sec. III. The
multiplicative renormalization is carried out perturba-
tively; the determination of renormalization constants is
detailed in Sec. IV. After a brief summary of the simulation
setup in Sec. V we present the results in Sec. VI for the
tensor coefficients and in Sec. VII for the susceptibilities,
before we conclude.
II. MAGNETIC FIELD AND OBSERVABLES
We study the effect of an external magnetic field B on
the expectation value of the tensor polarization, Eq. (5).
To realize such an external field on the lattice we
implement the continuum U(1) gauge field A satisfying
@xAy  @yAx ¼ B using space-dependent complex phases
[5,8,37,38] in the following way:
uyðnÞ ¼ eia2qfBnx ;
uxðNx  1; ny; nz; ntÞ ¼ eia2qfBNxny ;
uxðnÞ ¼ 1; nx  Nx  1;
uðnÞ ¼ 1;  =2 fx; yg;
(6)
where the sites are labeled by integers n  ðnx; ny; nz; ntÞ,
with n ¼ 0 . . .N  1 and a is the lattice spacing.
This prescription for the links corresponds to a covar-
iant derivative for the flavor f of the form D;f ¼
@ þ iqfA þ iAaTa.2 This discretization satisfies peri-
odic boundary conditions in the spatial directions and
ensures that the magnetic flux across the x y plane is
constant. It is well known that the magnetic flux in a finite
volume is quantized [39,40], which on the lattice implies
2Note that we do not include in the action the corresponding
photon kinetic term FF=4 ¼ B2=2. This means that in the
discussion we will never encounter B alone but only the
combination qfB eB.
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qB  a2 ¼ 2Nb
NxNy
; Nb 2 Z; 0  Nb < NxNy;
(7)
where q is the smallest charge in the system, in our case
q ¼ qd ¼ qs ¼ e=3. Due to the periodicity of the links
of Eq. (6) in Nb with period NxNy, one expects lattice
artifacts to become large if Nb > NxNy=4. In the following
we use lattices with Nx ¼ Ny ¼ Nz  Ns.
We consider three quark flavors u, d and s. Since the
charges and masses of the quarks differ we have to treat
each flavor separately, qu ¼ 2qd ¼ 2qs. We assume








with MðU; qB;mÞ ¼ 6DðU; qBÞ þm1 being the fermion
matrix and 	 ¼ 6=g2 the gauge coupling. The exact form
of the action we use is described in Refs. [41,42], and
further details of the simulation setup are given in Sec. V.
Since the external field couples directly only to quarks, B
just enters the fermion determinants, through the U(1)
links of Eq. (6). The volume of the system is given as
V  ðaNsÞ3 and the temperature as T ¼ ðaNtÞ1.
In this formulation the expectation value of the quark
condensate for the flavor f can be written as






Likewise, the expectation value of the tensor Dirac struc-
ture reads,
h c fc fi ¼ T4V htrM
1ðU; qfB;mfÞi: (10)
The staggered realization of this operator is detailed in
Appendix C.
At this point a few comments regarding the sign of the
expectation values in Eq. (5) are in place. In continuum
calculations a negative sign for the condensate is custom-
ary, see e.g., Ref. [24], in contrast to our convention in
Eq. (9). This sign convention applies for any fermionic
bilinear expectation value, therefore it does not affect the
sign of f, but only that of f. Further possible differences
in the sign can arise from the definition of  and from
that of the U(1) part of the covariant derivative. We note
that our notation is consistent with that of Ref. [24] in
terms of , but differs by a minus sign in the covariant
derivative [see the paragraph below Eq. (6)], implying an
overall relative minus sign of f.
III. RENORMALIZATION
In order to determine the continuum limit of the observ-
ables defined in Eqs. (9) and (10), their renormalization has
to be performed. The quark condensate (at finite mass) is
subject to additive and multiplicative renormalization, due
to the divergent terms in the free energy density f of Eq. (1)
and in the bare mass mf. The former divergence is (to
leading order) quadratic in the cutoff 1=a [43]. Therefore,
the bare observable can be written as
h c fc fiðB; TÞ ¼ 1ZS h
c fc firðB; TÞ þ 
Smf=a2 þ    ;
(11)
where ZS is the renormalization constant of the scalar
operator and the ellipses denote subleading (logarithmic)
divergences in a. Here the superscript r indicates the
renormalized observable. The divergences in h c c i depend
neither on the temperature nor on the external field.3
Therefore, in mass-independent renormalization schemes,

S and ZS are just functions of the gauge coupling. The
conventional way to cancel the additive divergences is to
consider the difference, for example, between the conden-
sate at T and at T ¼ 0.
The situation is somewhat different for the tensor polar-
ization. As a calculation in the free theory shows, an
additive divergence of the form qfBmf logðm2fa2Þ appears
in h cc i (see Appendix B). This divergence vanishes
in the chiral limit (or at zero external field) and is not
related to the multiplicative divergence of the tensor
operator to which we will return below. Altogether the
bare observable can thus be written as
h c fc fiðB; TÞ ¼ 1ZT h
c fxyc firðB; TÞ
þ 
TqfBmf logðm2fa2Þ þ    ;
(12)
where ZT is the renormalization constant of the tensor
operator (its perturbative determination is detailed in
Sec. IV) and 
T the coefficient of the divergent logarithm.
Both are independent of T and B (and in mass-independent
schemes ofmf). In Eq. (12) the ellipses denote finite terms.
In the free theory we calculate 
Tðg ¼ 0Þ ¼ 3=ð42Þ (see
Appendix B).
From these considerations it is clear that the magnetic
susceptibility f, being proportional to the ratio of Eq. (12)
over Eq. (11), at nonvanishing quark mass contains addi-
tive divergences which depend both on T and on B (and
also on the quark flavor f). This means that these singular
contributions cannot be removed by subtracting the same
operator, measured at different T or B (or flavor f).
Therefore, in the following we consider the tensor coef-
ficient f defined in Eq. (5). We notice that the operator
1mf@=@mf eliminates the logarithmic divergence and
3For a detailed argumentation about the absence of
B-dependent divergences in the condensate see Ref. [5] and
references therein.
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f  ZT  fZT  divf : (13)
At finite quark mass this is one possible prescription to
cancel the additive logarithmic term. It has the advantages
that the chiral limit of f is left unaffected, and that, together
with the logarithmic divergence, scheme-dependent finite
terms also cancel in this difference [see Eq. (B7)], such that
the scheme- and renormalization scale-dependence of f
resides solely in ZT.
Since the subtracted divergence is independent of the
temperature, we are able to determine divf at zero tempera-
ture where we systematically study the dependence of f
onmf and a, and then to perform the subtraction at nonzero
temperatures as well. As we will see, the subtraction in
Eq. (13) amounts to a 5%–10% effect for the lattice spac-
ings we use.
IV. PERTURBATIVE EVALUATION
A. Fermion propagator and fermion bilinears
The discretization of the continuum bilinear operators
in the staggered formulation of lattice QCD is detailed in
Appendix C. Using this discretization we compute the
one-loop correction to the fermion propagator in order to
obtain its renormalization constant, an essential ingre-
dient for the renormalization of fermion operators de-
fined in Eqs. (C7) and (C8). The one-loop Feynman
diagrams that enter our two-point amputated Green func-
tion calculation for the propagator are illustrated in
Fig. 1. For the algebraic operations involved in evaluat-
ing Feynman diagrams, we make use of our symbolic
package in MATHEMATICA. The required procedure for
the computation of a Feynman diagram can be found in
Ref. [44].
We provide the total expression for the inverse fermion
propagator S1ðpÞ, computed up to one-loop in perturba-
tion theory. Here we should point out that, for dimensional
reasons, there is a global prefactor 1=a multiplying our
expressions for the inverse propagator, and thus, the Oða0Þ
correction is achieved by considering all terms up toOða1Þ.
We have computed S1ðpÞ for general values of the gauge
parameter , the stout smearing parameters !1, !2 (since
we perform two stout steps, we have kept these different,
so that our results are also applicable for the single stout
smearing case), the bare quark masses and the external
momentum. We have obtained results using 10 sets of
values for the Symanzik improvement coefficients of the
gluon action (shown in Ref. [44]). In presenting our result
for S1ðpÞ below, we use the Landau gauge for concise-
ness; the quantities ci are numerical coefficients that


































































Nc ¼ 3 is the number of colors and q1 and q2 are the
external momenta. Next we study the one-loop perturba-
tive Green functions of the tensor fermionic operator.
The one-particle irreducible Feynman diagrams that
enter the calculation of the above Green functions are
shown in Fig. 2, and include up to two-gluon vertices
extracted from the operator (the cross in the diagrams).
The appearance of gluon lines attached to the operator
stems from the product of gauge links in the operator
definition [see Eq. (C4)].
1 2
FIG. 1. One-loop diagrams contributing to the fermion propa-
gator. Wavy (solid) lines represent gluons (fermions).
FIG. 2. One-loop diagrams contributing to the bilinear opera-
tors. A wavy (solid) line represents gluons (fermions). A cross
denotes the insertion of a Dirac matrix.
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B. Quark field and quark bilinear renormalization
constants in the RI0-MOM scheme
The renormalization constant (RC) can be thought of as
the link between the matrix element, regularized on the
lattice (without an upper index), and the renormalized
continuum counterpart (with upper index r). For the fer-
mion field, the scalar and the tensor operator this is
written as
c r ¼ Z1=2q c ; OrS ¼ ZSOS; OrT ¼ ZTOT: (15)
The RCs of lattice operators are necessary ingredients in
the prediction of physical probability amplitudes from
lattice matrix elements. In this section we present the
multiplicative RCs, in the RI0-MOM scheme, of the quark
field (Zq) and the quark bilinear operators (ZS and ZT).
In the RI0-MOM renormalization scheme the forward
amputated Green function ðpÞ, computed in the chiral
limit and at a given (large Euclidean) scale p2 ¼ 2,
is imposed to be equal to its tree-level value. The RCs
are computed at arbitrary values of the renormalization
scale,
S11loopðp ¼ ;m ¼ 0Þ ¼ S1treeð;m ¼ 0ÞZqðÞ;
s1loopðp ¼ ;m ¼ 0Þ ¼ streeð;m ¼ 0ÞZqðÞZ1s ðÞ;
where s ¼ S corresponds to the scalar and s ¼ T to the
tensor bilinear operator. Moreover, here  is the renormal-
ization scale, S1tree is the tree-level result for the inverse
propagator, and stree is the tree-level value of the Green
function for the operator under study.
The expressions we obtain using our one-loop results
discussed in the previous subsection are shown here only
for the tree-level improved Symanzik gauge action. We
allow for a general gauge characterized by the parameter
 (Landau gauge:  ¼ 0, Feynman gauge:  ¼ 1) and
stout smearing parameters. As discussed above, we have
employed different parameters for the two smearing steps;
in fact, we have also kept the parameters of the action’s
smearing procedure ð!A1 ; !A2Þ distinct from the parame-
ters of the operator smearing ð!O1 ; !O2Þ. In all expressions
the systematic error (coming from an extrapolation to
infinite lattice size of our numerical loop-integrals) is
smaller than the last digit we present. The results read
ZRI
0
q ¼ 1þ g
2CF
162
½7:2136þ 4:7920þ 124:5149ð!A1 þ!A2Þ  518:4332ð!2A1 þ!2A2Þ  2073:7329!A1!A2






½34:3217 þ 389:2102ð!A1 þ!A2Þ  1403:6482ð!2A1 þ!2A2Þ  5614:5930!A1!A2






½þ8:8834þ þ 116:5787ð!A1 þ!A2Þ  200:5879ð!O1 þ!O2Þ  531:7591ð!2A1 þ!2A2Þ
þ 780:5904ð!2O1 þ!2O2Þ  2095:1622!A1!A2 þ 3154:2357!O1!O2 þ 31:8743ð!A1 þ!A2Þð!O1 þ!O2Þ
þ 9877:2330ð!2A1!A2 þ!A1!2A2Þ  13993:1045ð!2O1!O2 þ!O1!2O2Þ  284:0013ð!A1 þ!A2Þ!O1!O2
 284:0013!A1!A2ð!O1 þ!O2Þ  48519:2862!2A1!2A2 þ 68237:1178!2O1!2O2
þ 2709:4942!A1!A2!O1!O2  logða22Þ: (18)
C. Conversion to theMS scheme
Here we provide the expressions for the RCs in the MS
continuum scheme, using conversion factors adapted from
Refs. [45,46]. These conversion factors do not depend on
the regularization scheme (and, thus, they are independent
of the lattice discretization), when expanded in terms of the
renormalized coupling constant. However, expressing
them in terms of the bare coupling constant in general
introduces a dependence on the action. To one-loop order,
the renormalized and the bare couplings are nevertheless
equal, leading to




ZMSS ¼ ZRI0S þ
g2CF
162





We note that the RCs from the lattice scheme to the MS
scheme are independent of the gauge parameter , as they
should be.
The above conversion factors refer to the NDR
(naive dimensional regularization) version of MS
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(see, e.g., Ref. [47]). Other possible modified minimal
subtractions are related to NDR via additional finite
renormalizations. In particular, to compare our result
for ZT with the one in Ref. [48], which is given in the
‘‘DREZ’’ scheme (for the Wilson gauge action and without
stout smearing), we must divide our NDR result by a factor
(1þ CFg2=ð162Þ). The two results are in perfect
agreement.
V. SIMULATION SETUP
For our measurements we used the gauge ensembles of
Refs. [5,7] augmented by additional new ensembles. All
configurations were generated with the tree-level improved
Symanzik gauge action and stout smeared staggered fer-
mions, at physical quark masses. We use lattices at both
T ¼ 0 and at T > 0, at various values of the external
magnetic field. We employ two steps of stout smearing
with parameter !A ¼ !O ¼ 0:15 both in the action and in
the operators. The zero temperature ensembles consist of
243  32, 323  48 and 403  48 lattices at five different
lattice spacings, while at finite temperature we carried out
measurements on lattices with Nt ¼ 6, 8 and 10, to enable
a continuum limit extrapolation. We studied finite volume
effects on Nt ¼ 6 lattices, using three different aspect
ratios. The light (mu ¼ md  mud) and strange (ms) quark
masses are set to their physical values, along the line of
constant physics (LCP) as mud ¼ mudð	Þ, and ms=mud ¼
28:15. The LCP was determined by keeping fK=M and
fK=MK physical, and the lattice scale is set using fK. More
details about the lattice action, the determination of the
scale and the LCP, and the lattice ensembles can be found
in Refs. [5,41,42]. At each temperature and external mag-
netic field we measured the observables of interest on
Oð100Þ thermalized configurations which were separated
by 5 trajectories to reduce autocorrelations. The measure-
ments were carried out using the noisy estimator method,
with 20–40 random vectors.
For our choice of the smearing parameters we obtain for










from Eqs. (17), (18), and (20). We define the coupling g in











which is found to be 10%–20% larger than the bare
coupling g2. We compute c perturbatively for the
tree-level improved Symanzik gauge action and obtain
c ¼ 0:183131340ð2Þ  CF, thereby confirming Ref. [50].
We allow for a systematic error of 50% in 1 ZMST
for the effect of higher-order terms in the perturbative
calculation.
VI. RESULTS
We measure the tensor polarizations as functions of the
external field at various temperatures for the three different
flavors. We observe that h c uxyc ui is negative, indicating
that u < 0, in accordance with Ref. [24] and the discus-
sion about the sign convention below Eq. (10). Whether
this corresponds to a para- or a diamagnetic response will
be discussed in Sec. VII.
In the upper panel of Fig. 3 we show the bare tensor
polarization as a function of the magnetic field for Nt ¼ 6.
We confirm the linear trend to leading order in B, in
agreement with Ref. [34]. However, the slope at small B
is also observed to change significantly with temperature.
We find that nonlinear effects are always below 5% for
magnetic fields eB < 0:2 GeV2 and they reduce as the
temperature decreases. In the lower panel of Fig. 3 we
also show how the bare condensate itself changes with B
for different temperatures. We observe that the dependence
of the condensate on B varies strongly with the temperature
in the transition region. This behavior was found to be
the reason for the decrease of the chiral transition tempera-
ture with growing B, and was investigated in detail in
Refs. [5–7]. We study finite volume effects at one tempera-
ture T ¼ 141 MeV, for Nt ¼ 6 ensembles with Ns ¼ 16,
24 and 32, see Fig. 3. The largest lattice corresponds to a
FIG. 3 (color online). Minus the bare tensor polarization
(upper panel) and the bare condensate (lower panel) for the up
quark, for three temperatures on the Nt ¼ 6 lattices.
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linear extent of 7 fm. Since we see no deviation for the
tensor polarization or the condensate between the different
volumes, we conclude that finite size effects are smaller
than our statistical errors.
Next, we concentrate on the leading linear trend in
h c fxyc fi, i.e., on the slope characterized by the tensor
coefficient f, as defined in Eq. (5). We perform the multi-
plicative renormalization of f according to Eq. (13), using
the tensor renormalization constant, Eq. (21) to the MS
scheme at a renormalization scale  ¼ 2 GeV. The
dependence of the results on the renormalization scale 
is found to be mild, as can be seen below.
We measure ZT  f at zero temperature for several
lattice spacings and quark masses. Here we fix the strange
quark mass to its physical value and tune only the light
mass such that R  mud=mphysud varies between 0.5 and
28.15. For the latter ratio all three quarks have equal
masses. (Note that these measurements are also fully
dynamical and no partial quenching is applied.) In Fig. 4
we plot minus the tensor coefficient for the up quark as a
function of R for five different lattice spacings. Motivated
by the behavior of the tensor coefficient in the free case,
Eq. (B6), and by the scaling properties of the action we use,
we consider the following fit function for ZTf:
cf0 þ cf1Rþ cf2R logðR2a2Þ; cfi ¼ cð0Þfi þ cð1Þfi a2:
(23)
Here a is to be understood in units of GeV1. This form
describes the data very well; we obtain 2=d:o:f:  1:5 for
both the up and down flavors. The fitted values for cðjÞfi
are listed in Table I. We remark that the coefficients of
the logarithms, cð0Þu2=m
phys
ud ¼ 0:055ð5Þ and cð0Þd2=mphysud ¼
0:072ð6Þ are quite close to the free-field value of 3=ð42Þ
(see Appendix B). We perform the fit both for all lattice
spacings and for only the finest four lattices. Moreover
we consider the inclusion of an R2 term in the fit and vary
the fit range to exclude points with largest masses. The
difference between these fits is used to estimate the system-
atic error of this combined extrapolation.
At zero quark mass the additive divergence is absent and
therefore, applying the combined fit, the continuum limit
of the chiral limit of ZTf can be extracted (it equals the
cð0Þf0 parameter). This corresponds to the black point in
Fig. 4. However, since we are interested in the tensor
coefficient at physical quark masses, we now follow the
scheme of Eq. (13), subtracting the logarithmic divergence.
We apply the operator 1mf@mf ¼ 1 R@R, which act-
ing on the fit function of Eq. (23) yields
rf ¼ cf0  2cf2R: (24)
As already emphasized in Sec. III, the subtraction of
the divergent term divf does not affect the chiral continuum
limit since it vanishes at mf ¼ 0. Moreover, this sub-
traction eliminates the scheme-dependent finite terms
[cf. Eq. (B7)], making the conversion to the MS scheme
trivial.
For the strange quark we do not perform a similar
analysis with modified strange quark masses, but subtract
the logarithmic divergence by using the fit parameters for
the down quark and R ¼ 28:15. We find that the depen-
dence of the strange quark tensor polarization on the light
quark masses is below a few per cent (1% for the coarsest
and 4% for the finest lattice). Therefore this approximation
introduces errors smaller than those already present due to
statistics and renormalization.
After the subtraction, the renormalized tensor coefficient
rf has a well-defined continuum limit even for finite quark
masses. We find that for physical light quark masses
jdivu;dj< 2:5 MeV for our range of lattice spacings. For
the strange quark the divergent contribution is larger in
magnitude, giving rise to larger errors due to this
subtraction.
Our final results for the zero temperature renormalized
tensor coefficients in the MS scheme at a renormalization
scale ¼ 2 GeV are summarized in Table II. For the light
flavors this table contains the results both for physical
quark masses and for the chiral limit. These values may
be compared to the unrenormalized quenched SU(2) lattice
result ud ¼ 46ð3Þ MeV of Ref. [34] and to a similar
FIG. 4 (color online). Mass dependence of the combination
ZT  u in the MS scheme at renormalization scale
 ¼ 2 GeV. The coefficient of the logarithmic divergence is
determined by fitting the data by a lattice spacing-dependent
function (solid lines).













u 40:3 3.8 2:1 0.5 0.19 0:03
d 38:9 2.8 2:5 0.7 0.25 0:07
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study in the quenched SU(3) theory, 52 MeV [35]. Our
results are in reasonable agreement with the QCD sum rule
result 50(15) MeV of Ref. [24], which was calculated at
 ¼ 1 GeV [note that the scale dependence of f is small
due to its small anomalous dimension, see Eq. (21)]. We
also compare our results to the Nambu-Jona-Lasinio and
quark-meson model predictions of 69 and 65 MeV [33],
respectively, which were obtained at an even lower renor-
malization scale of 0:6 GeV. We remark that the same
authors obtain a lower value of 44MeV in the renormalized
version of the quark meson model [33].
Next, we use the fact that the divf contribution is inde-
pendent of T to perform the additive renormalization of the
tensor coefficient at finite temperatures. In Fig. 5 we plot
ru as a function of the temperature for three lattice
spacings. We perform a simultaneous fit of the results for
different lattice spacings to an Nt-dependent spline func-
tion. This dependence is of the form N2t , once again to
reflect the scaling properties of our lattice action. We can
read off the continuum extrapolation at N2t ¼ 0, which is
shown in the figure by the hatched (yellow) band. The
systematic error of the continuum extrapolation is esti-
mated to be 1 MeV based on our experience at T ¼ 0
(see Table II) and is added to the statistical error in quad-
rature. Moreover, the uncertainty in the determination of
the lattice scale (for details see Ref. [42]) propagates into
this result and gives rise to an additional systematic error of
2%. Since this latter error is uniform and does not influence
the shape of the rfðTÞ curve, it is not included in the plot.
In the same manner we determine the tensor coefficient
for the down quark at T > 0, and obtain results which are
within errors consistent with ru, just as was observed at
T ¼ 0. For the strange quark this procedure leads to a
qualitatively similar temperature-dependence too. The
dependence of ru;d on the temperature in the transition
region can be used to define a transition temperature at
B ¼ 0. We determine the inflection point of ru;dðTÞ and
obtain Tc ¼ 162ð3Þð3Þ MeV in the continuum limit. Here
the first error combines the statistical error and the error
coming from the continuum extrapolation, and the second
one is due to the uncertainty in the lattice scale. In
conclusion, the tensor coefficient acts as an approximate
order parameter for the chiral transition, and gives a similar
transition temperature as the chiral condensate at B ¼ 0,
Tc ¼ 159ð3Þð3Þ MeV, cf. Refs. [5,51].
Finally, we study the dependence of rf on the renormal-
ization scale  at T ¼ 0. We carry out the analysis for a
range of renormalization scales in the window 1 GeV 
  4 GeV. We find a very mild dependence on  such
that the tensor coefficients remain within the total errors
given in Table II.
VII. MAGNETIC SUSCEPTIBILITY
We can translate the result for rf to the magnetic sus-
ceptibility f of Eq. (5) using the (scale- and scheme-
dependent) value of the quark condensate. We recall the
Gell-Mann-Oakes-Renner relation,
M2F
2 ¼ ðmu þmdÞ  h c lc li þ    ; (25)
which, at zero external field and in the chiral limit, relates
the light condensate l ¼ u, d to the quark masses and
to the pion mass and decay constant, with F ¼
86:2ð5Þ MeV [52]. We make use of a recent lattice deter-
mination [53] of the quark masses in the MS scheme at
 ¼ 2 GeV, mu þmd ¼ 6:94ð13Þ MeV, to extract
h c lc li ¼ ð269ð2Þ MeVÞ3. [We mention that multiplying
the lattice bare mass along the LCP [42] and the inverse of
the scalar renormalization constant of Eq. (21), we get a
compatible value for the renormalized quark mass in the
MS scheme, albeit with large uncertainties.] For the
strange condensate we employ the QCD sum rule predic-
tion [54], h c sc si=h c lc li ¼ 0:8ð3Þ. Using these values for
the quark condensates, the zero-temperature magnetic sus-
ceptibilities at physical quark masses are calculated as
TABLE II. Results and error budget for the renormalized
tensor coefficients for physical quark masses (phys.) and in the
chiral limit (chir.). Given are (in units of MeV) the errors related
to statistics, the multiplicative renormalization, the combined
continuum fit, the lattice scale and, finally, the total error.
Error
f m rf Stat. Mult. Cont. Scale Total
u Phys. 40:7 0.2 0.3 1.0 0.8 1.3
Chir. 40:3 0.2 0.3 1.1 0.8 1.4
d Phys. 39:4 0.3 0.3 1.1 0.8 1.4
Chir. 38:9 0.3 0.3 1.3 0.8 1.5
s Phys. 53:0 0.5 0.8 7.1 1.1 7.2
FIG. 5 (color online). Minus the renormalized tensor coeffi-
cient ruðTÞ in the MS scheme at a renormalization scale
 ¼ 2 GeV for three lattice spacings and the continuum
extrapolation.
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MS;  ¼ 2 GeV: u ¼ ð2:08 0:08Þ GeV2;
d ¼ ð2:02 0:09Þ GeV2;
s ¼ ð3:4 1:4Þ GeV2:
(26)
The magnetic susceptibilities at different values of  can
be obtained by running down with the ratio of renormal-
ization constants ZMST =Z
MS
S . Using the four-loop running
to  ¼ 1 GeV one has to multiply the above values by
r ¼ 1:49ð7Þ. We remark furthermore that running down
with ZMSS to a renormalization scale of  ¼ 1 GeV we
obtain h c lc li ¼ ð245ð5Þ MeVÞ3.
Our results in Eq. (26) are in good agreement with the
QCD sum rule calculations4 summarized and updated in
Ref. [24]: l ¼ 2:11ð23Þ GeV2 at  ¼ 2 GeV, and
also compare well with the vector dominance estimate of
l ¼ 2=m2 	 3:3 GeV2. We remark that for the
strange susceptibility, QCD sum rules predict s 	 l
[55], which is somewhat smaller than our result in
Eq. (26).
Comparing the temperature-dependence of the light
tensor coefficient (Fig. 5) and that of the light quark
condensate from Ref. [7], we conclude that the ratio of
the two renormalized observables is compatible with a
constant, resulting in a magnetic susceptibility lðTÞ
depending only weakly on the temperature, at least for
temperatures T < 170 MeV. Moreover, we remark that
since f is given in terms of the chiral condensate (which
has a large anomalous dimension), the magnetic suscepti-
bility has a stronger scale dependence than rf.
As anticipated in the introduction, the magnetic suscep-
tibility f of the condensate is intimately connected to
the spin contribution S to the total magnetic suscepti-
bility. Using this equivalence (which we prove in
Appendix A), one sees that with our sign conventions
f > 0 corresponds to paramagnetism and f < 0 to dia-
magnetism. Thus we conclude that the response of the
QCD quark condensate to external magnetic fields is in
its nature diamagnetic.
VIII. CONCLUSIONS
In this paper we studied the response of the QCD vac-
uum to a constant external magnetic field at zero and at
finite temperature. We determined the tensor polarizations
of the quark condensates for various temperatures and
external fields. We observed that the polarization of the
flavor f at a temperature T is a linear function of B for
fields eB < 0:2 GeV2, with a coefficient fðTÞ, defined in
Eq. (5). The renormalization of this tensor coefficient
requires two steps. The additive divergences (which are
present for finite quark masses) were fitted explicitly at
T ¼ 0 and then subtracted using the operator 1m@m, at
T ¼ 0 and at T > 0. The multiplicative renormalization
was performed perturbatively. We obtained results in the
MS scheme at a renormalization scale  ¼ 2 GeV, and
extrapolated these to the continuum limit using several
lattice spacings. Our final results for the renormalized rf
are given in Table II for T ¼ 0 and are shown in Fig. 5 for
T > 0. Combining the results for rf and the quark con-
densates we also determined the magnetic susceptibilities
f, see Eq. (26) for the zero temperature values. We found
f to remain constant within errors as the temperature is
increased up to T 	 170 MeV.
We showed furthermore that there is a simple relation
between the tensor coefficients rf and the spin contribution
S to the total magnetic susceptibility, see Eq. (4). The
negative sign of S reveals a diamagnetic response, i.e.,
that the spin magnetization of the medium aligns itself
antiparallel to the external field. The magnitude of this
effect reduces as the temperature grows, as S is propor-
tional to rf, plotted in Fig. 5. For the free case 
S and L
are known to have opposite signs [56], implying a partial
cancellation between the two sectors. Therefore, a deter-
mination of the orbital angular momentum contribution is
necessary to arrive at a definite conclusion whether the
total response of the QCD vacuum to external magnetic
fields is para- or diamagnetic.
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APPENDIX A: SPIN- AND ORBITAL ANGULAR
MOMENTUM- CONTRIBUTIONS
The partition function of QCD (this time without taking
the root of the determinant as in the staggered lattice






detð 6Df þmfÞ; (A1)
4The value given in Ref. [24] is l ¼ 3:15ð30Þ GeV2 at  ¼
1 GeV. We divided this by 1:49ð7Þ, running the value to the
scale  ¼ 2 GeV and accounting for the different sign conven-
tion we employ, see the remark after Eq. (10).
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with the massless Dirac operator 6Df ¼ D;f and
covariant derivative D;f ¼ @ þ iqfA þ iAaTa. For
an external magnetic field in the z-direction one has
@xAy  @yAx ¼ B and Az ¼ At ¼ 0.














We manipulate this using tr@ 6Df=@B / tr ¼ 0 and the










































The derivative of the square of the Dirac operator in the


























This operator corresponds to a generalized angular
momentum, as for the choice Ax ¼ By=2, Ay ¼ Bx=2
(such that @A ¼ 0), it assumes the form Lxy ¼
iðx@y  y@xÞ þ qfBðx2 þ y2Þ=2 yAaxTa þ xAayTa.
Altogether, using the definition of the (total) magnetic





@h c fxyc fi
@ðeBÞ þ
@h c fLxyc fi
@ðeBÞ
eB¼0; (A7)
showing two separate contributions S þ L to the total
susceptibility, cf. Eq. (4).
The conventional calculation of the spin- and orbital
momentum-related contributions to  yields the same
result. Below we demonstrate this for the free case.
Here the spin-related contribution to the change in the
free energy density due to the magnetic field at zero
















Employing the definition of the total susceptibility, Eq. (2),
the spin-dependent contribution equals














In Appendix B we will calculate the tensor polarization in
the free case. Comparing Eq. (A9) with Eq. (B5) below, we
see that the first term of Eq. (A7) is indeed the spin-related
contribution, S. The second term of Eq. (A7) is then
identified with the orbital momentum coupling. The two










@h c fLxyc fi
@ðeBÞ ;
(A10)
where we used the definition of the tensor coefficient,
Eq. (5). This shows that the tensor coefficient of the quark
condensate is responsible for the spin contribution of
the total magnetic susceptibility. Recalling the relation
between the sign of S and para/diamagnetism as discussed
in the introduction, we conclude that with our sign con-
ventions f > 0 (f > 0) corresponds to paramagnetism,
while f < 0 (f < 0) to diamagnetism.We remark that on
the lattice L cannot directly be computed from Eq. (A6),
due to the quantization of the magnetic flux.
APPENDIX B: LOGARITHMIC DIVERGENCE
IN THE TENSOR POLARIZATION
In this Appendix we will demonstrate the appearance of
a logarithmic divergence in the tensor polarization of the
condensate. We consider one free quark with electric
charge qf and mass mf at vanishing temperature.
The negative square of the Dirac operator in the back-
ground of a constant magnetic field is well known to have
eigenvalues [14,60]
6D2f ! 2 ¼ p20 þ p2z þ ð2nþ 1ÞjqfBj þ sqfB; (B1)
being twice degenerate (incorporating particle and antipar-
ticle). Here p0, pz are momenta, n ¼ 0; 1; . . . labels the
Landau levels and s ¼ 1 is twice the spin (these are the
eigenvalues of xy), which is coupled to the magnetic field
(here we do not consider anomalous magnetic moments).
The sum over the eigenvalues is performed according to
(see, e.g., Ref. [56]),




















For the tensor polarization of Eq. (10) we note that due to chirality (and since 5 commutes with xy),
tr
1
6Df þmf xy ¼ tr5
1
6Df þmf 5xy ¼ tr
1




which results in the spectral representation (omitting the staggered factor of 1=4),








p2 þ ð2nþ 1þ s signðqfBÞÞjqfBj þm2f
: (B4)
In the sum the contributions fn ¼ k; s signðqfBÞ ¼ 1g and
fn ¼ kþ 1; s signðqfBÞ ¼ 1g cancel leaving only the
unpaired lowest Landau level fn ¼ 0; s signðqfBÞ ¼ 1g,
as was also noted in Ref. [33]. Hence we get








This cancellation can be confirmed via zeta function regu-
larization and is absent for other observables like the free
energy or the condensate. As the eigenvalue of the lowest
Landau level is B-independent, the free tensor polarization
is exactly linear in the magnetic field.
We evaluate the remaining logarithmically divergent
integral with dimensional regularization in d ¼ 2 
dimensions,













A logm2f-term has appeared, whose coefficient is
scheme-independent, for 3 colors it is 3=ð42Þ mfqfB
(cf. Ref. [15] with different sign conventions). Also the
singularity for ! 0 has been isolated and can be sub-
tracted through a particular renormalization scheme, intro-
ducing a cutoff  such that h c fxyc fi / logðm2f=2Þ, or,
on the lattice logðm2fa2Þ. The finite term [ logð4Þ in
Eq. (B6)] is scheme-dependent (in our lattice scheme it
reads 0:15492  log4) but, together with the logarithmic
contribution, it disappears from the combination




as we also emphasized in the body of the paper, Eq. (24).
Note that (1mf@mf ) acting on Eq. (B5) renders the
integral finite and allows for a direct computation of the
coefficient of the logarithmic term.
APPENDIX C: DEFINITION OF
STAGGERED OPERATORS
To discretize the continuum tensor bilinear operator on
the lattice in the staggered formalism, one has to define
fields that live on corners of four-dimensional elementary
hypercubes of the lattice. The position of a hypercube
inside the lattice is denoted by the index y, where y is a
four-vector with even components y ¼ 0; 2; . . . ; N  2
(all lattice extents are even). The position of a fermion field
component within a specific hypercube is defined by one
additional four-vector index, C (C 2 f0; 1g). Following
the notation of Ref. [48], this hypercube field is denoted
in this section by ðyÞC ¼ ðyþ CÞ=4 [instead of c ðxÞ,
to distinguish between the different ways of labeling].
After rotating into the staggered basis, the operator






where the matrix s acts on spin and the unit matrix 1 on
taste components of the staggered field ðyÞ (we will
consider the scalar S ¼ 1 and the tensor T ¼  spin
structures). Here
ðs 
 1ÞCD  14 Tr½
y
CsD1; (C2)
with the staggered transformation given by
C  C11 C22 C33 C44 : (C3)
The operator of Eq. (C1) is clearly not gauge invariant,
since  and  are defined in different points of the hyper-
cube. To restore gauge invariance, we insert the average of
products of gauge link variables along all possible shortest
paths connecting the sites yþ C and yþD [48]. This
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Using the definition of Eq. (C2) we can further simplify the

















(Here and below, in expressions such as Cþ ^ the sum is
to be taken modulo 2.) Using Eq. (C6), the scalar and tensor










As can be seen from the above equation, the tensor
operator contains a distance of two links (in orthogonal
directions) between the fermion and the antifermion
fields. Thus, the product of gauge links entering Eq. (C8) is
UDþ^þ^;D ¼ 12 ½UDþ^þ^;Dþ^UDþ^;D þ f$ g: (C9)
For the implementation of the tensor Dirac structure we use
a modified version of the corresponding part of the MILC
code [61].
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